Abstract: In this paper, we propose a formulation of thermodynamic systems in terms of contact geometry and develop a systematic approach to the description of their evolution. In particular, we extend our results to the case of interconnected thermodynamic systems.
INTRODUCTION
Recently, a number of results describing the application of system-theoretic methods to thermodynamics have been published. Haddad, Chellaboina and Nersesov , see also Willems [2006] ), proposed a nonlinear compartmental model which exhibits many features typical for thermodynamic systems such as equipartition of energy and irreversibility phenomena. (See also [Bernstein and Bhat, 2002, Sandberg et al., 2007] for further results.)
A notable feature of thermodynamics is the role of geometric structure of thermodynamic state spaces . J.W. Gibbs [Gibbs, 1873] in 1873 had always noticed the importance of geometry in thermodynamics. Recently, this idea has experienced a renaissance and since the pioneering work of Hermann [Hermann, 1973] there has been extensive research in geometric foundations of thermodynamic systems (see, e.g., [Mruga la et al., 1991 , Grmela andÖttinger, 1997 ,Öttinger and Grmela, 1997 , Eberard et al., 2007 , Favache et al., 2009 ). In particular, it has been shown [Gromov and Caines, 2010] that geometric ideas can be efficiently used for the modelling of thermodynamic systems with phase transitions.
In this contribution, we propose a formulation of thermodynamic systems in terms of contact geometry and develop a systematic approach to the description of their evolution. In particular, in this paper we extend our results to the case of interconnected thermodynamic systems. This approach is a direct descendant of the work of Hermann [Hermann, 1973] and Mruga la [Mruga la, 1978] .
Consider a composite thermodynamic system, i.e., the system containing a number of interacting thermodynamic subsystems. In such a system there are always heat, work, or matter flows between the subsystems. These flows, together with the constructive and geometrical restrictions form the interconnection structure of the composite system. This structure can be described by a set of constraints imposed on the system. In geometric terms this can be seen as a restriction of the overall system's dynamics to a certain constraint submanifold.
This paper is organised as follows: in Section 2, the basic facts from equilibrium thermodynamics are presented. In Section 3 we review contact geometry and its relation to equilibrium thermodynamics and define the evolutionary equations of a controlled system on the equilibrium manifold. Section 4 is devoted to the modelling of an interconnected thermodynamic system. Finally, Section 5 contains an illustrative example.
THERMODYNAMIC ESSENTIALS
In this section we will give a brief overview of equilibrium thermodynamics. For a classical exposition of equilibrium thermodynamics see [Callen, 1985] .
In the first place, we define the notion of a thermodynamic system. A (physical) thermodynamic system is a physical substance separated from its environment which interacts with that environment through energy and material exchange.
to be extended by k molar numbers N i ; for a magnetic system the magnetic dipole moment I is a new extensive variable.
We will restrict attention to the special class of thermodynamic processes occurring in thermodynamic systems which are called quasi-static (QS) processes and defined as a sequence of equilibrium states. This represents an idealization which never occurs in practice. However, we assume that P3. The rate of change of the thermodynamic parameters of the environment is sufficiently small that there are no gradients in intensive variables within the system.
Note that for a thermodynamic parameter the property of changing sufficiently slowly depends on the relaxation time of the system. For instance, for the well known example of a cylinder filled with a gas and a piston, there will be no pressure gradient if the piston moves with the speed less than the speed of sound by at least one order of magnitude Callen [1985] .
P1, P2 and P3 lead us to the formal description of a thermodynamic system based on the internal energy function
Definition 1. An equilibrium state is defined as an element of the graph E = (S, V, N, U (S, V, N )) of the energy function U , and the locus of all equilibrium states is referred to as the equilibrium energy manifold.
As a result, a quasi-static process can be defined as a map ψ : T → E, where T = [t 0 , t f ) ⊂ R ≥0 . In the following we will identify T with the positive semi-axis: T = R ≥0 .
In the region of state space where no phase changes occur, the function U (·) is assumed to be sufficiently smooth that all required partial derivatives exist. Therefore, we can write the differential of U as
where the partial derivatives ∂U ∂S = T , ∂U ∂V = −p, and ∂U ∂N = µ are called the temperature, the internal pressure (note the minus sign), and the chemical potential, respectively. The temperature, the internal pressure and the chemical potential are intensive parameters, i.e. they are invariant with respect to the partitioning of the system. Note that all the intensive and extensive variables take on only positive values.
Due to the smoothness property of U the order of differentiation in partial derivatives of second order is immaterial:
where A, B ∈ {S, V, N }. This property, known in thermodynamics as the Maxwell relation, will be used in the sequel without explicit mention.
GEOMETRICAL STRUCTURE OF THERMODYNAMICS

Contact Geometry
Let M be a smooth (2n + 1)-dimensional manifold. For each q ∈ M, T q M is the tangent space to M at q. The set of linear functionals α q : T q M → R forms the cotangent space to M at q denoted by T * q M. Elements of T * q M are called covectors.
For each (non-degenerate) covector α q ∈ T * q M, condition α q (X) = 0, X ∈ T q M defines a hyperplane (i.e., a linear subspace of codimension 1) h q ⊂ T q M. We denote this by h q = ker(α q ). Obviously, multiplication of α q by a nonzero constant does not change h q . This construction can be extended to the whole (co)tangent bundle. Let α : M → T * M be a covector field (i.e., an 1-form). The condition α = 0 defines a hyperplane field (a codimension 1 distribution on T M): h = ker(α). And again, α is defined up to the multiplication by a nonvanishing function f : M → R \ {0}.
A submanifold I ⊂ M such that T p I ⊂ h p for all p ∈ I is said to be an integral manifold of the distribution h.
We are interested in a special class of 1-forms ω ∈ T * M which satisfy the condition ω ∧ (dω) n = 0. These are called maximally non-integrable, or contact forms. Correspondingly, the hyperplane field g = ker(ω) ⊂ T M is called the contact structure and the pair (M, ω) is called the contact manifold. An integral manifold of the contact structure g has the least possible dimension which is equal to n for a (2n+1)-dimensional manifold M. These submanifolds are called Legendre (sub)manifolds.
In the following we will consider a specific contact form: Definition 2. Let (x 0 , x 1 , . . . , x n , p 1 , . . . , p n ) be the local coordinates on M. The thermodynamic contact 1-form is defined as
One can check that this 1-form indeed satisfies the maximal non-integrability condition. It will be shown later that this form has a particular importance for the description of thermodynamic systems. Note that here and throughout the paper we adopt the Einstein summation convention: the terms are summed over all indices which appear both in a lower and an upper position.
The following lemma provides a way to characterize Legendre manifolds. Lemma 3. , Kushner et al. [2007] ). Let N ={1, . . . , n} be the set of indices. Given the contact form (3), a disjoint partitioning I, J ⊂ N , I ∩ J = ∅, I ∪ J = N with n I and n J components, and a smooth function ζ(x I , p J ), the following equations define a Legendre manifold on (M, ω):
Conversely, every Legendre manifold is defined in a neighbourhood of every point by these formulae for at least one choice of the subset I.
The function ζ is called a generating function of the Legendre manifold L. Remark 4. Note that the characteristic equations of a Legendre manifold (4) depend on the 1-form.
A contact transformation is a diffeomorphism F : M → M which preserves the contact structure, i.e., F * g = g, where F * is the pushforward associated with F . In terms of contact forms, this can be stated as F * ω = f ω, where f is a non-vanishing function, and
is the dual map to F * (the pullback). One particularly interesting example of contact transformations are Legendre transformations, which are widely used in equilibrium thermodynamics [Callen, 1985] and classical mechanics .
Legendre Equilibrium Manifolds
Contact geometry offers a unified framework for the description of the system dynamics on the equilibrium manifold. In particular, we can see that the equilibrium manifold E in an (n + 1)-dimensional space can be described as a Legendre manifold on a (2n + 1)-dimensional contact manifold. To show this we consider the Legendre manifold L U which is characterized in the following way: let in (4), n = 3, J = ∅, and ζ(x 1 , . . . , x 3 ) be the state equation
3 ) are identified with (S, V, N ). Using the formulae given by Lemma 3, we obtain the following description:
Comparing (5) with (1) and (2), the remaining variables x and p can be identified as: x 0 = U , and (p 1 , p 2 , p 3 ) = (T, −p, µ). Thus, the Legendre manifold L U of 1-form (3) with generating function (1) can be seen as an immersion of the equilibrium energy manifold E into the (2n + 1)-dimensional contact manifold M.
The manifold L U will be referred to as the Legendre equilibrium energy manifold.
Legendre Transformation
In thermodynamics, it is often more convenient to work with intensive parameters instead of extensive ones, since the former are the more easily measured and controlled. For this purpose, the energy function is transformed in such a way that the resulting function (partially or completely) depends on intensive variables. The transformation procedure proceeds as follows. Let U = U (x 1 , . . . , x n ) be the state function (1) and let I and J be a partitioning of the set of indices as described above. We want to express U as a function of the variables x I and the partial derivatives p J = ∂U ∂x J . The transformed function is found as the solution of the following optimization problem :
From the extremality condition we have
Now let us consider an open set X such that the matrix of partial derivatives
is strictly positively definite:
Thus, (7) solves the minimization problem (6) on X.
Furthermore, we define Z as
Let (x I , x J , p J ) ∈ Z be an arbitrary point. Then, according to the implicit function theorem, in a neighbourhood (6), we get a function of (x I , p J ):
This transformation is called the (local 1 ) Legendre transformation w.r.t. x J . The resulting function F (x I , p J ) is referred to as the thermodynamic potential. The most common thermodynamic potentials are the enthalpy H(S, p, N ) (the Legendre transformation w.r.t. V) and the Gibbs potential G(T, p, N ) (the Legendre transformation w.r.t. (S,V)). The following lemma says that all thermodynamic potentials (locally) generate the same Legendre manifold L U up to a choice of coordinate basis. Lemma 5. Let U (x 1 , . . . , x n ) be the state equation and I, J be a disjoint partitioning of the set of indices N = {1, . . . , n}.
Furthermore, let F (x I , p J ) be the Legendre transformation of U with respect to x J which is defined on the set
Considering U and F as generating functions and applying formulae (4) we get two immersion maps:
Proof. Let us write F (x I , p J ) in the form (8). Applying (4), we get ψ F as
Performing simple algebraic transformations and taking into account that p J = ∂U ∂x J (x I , x J ), we can write (10) as
We have checked only the local convexity of U. Therefore, (7) gives only a local solution. This solution becomes global at points (x I , x J ), where U coincides with its convex hull. In practice, it is sufficient to check that the supporting hyperplane at (x I , x J ) does not intersect the graph of U .
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the fact that (x I , η(x I , p J )) is a diffeomorphism from Y to X we obtain ψ U (X). QED.
Thus, we may conclude that the mapping ψ F , (9)-(11), is equivalent to ψ U (5).
We note that in appropriate coordinates the Legendre transformation F can be represented locally in the following way:
One can see that F c is a contact transformation: F * c ω = ω. We will call F c the contact Legendre transformation with respect to x I .
It has been shown that the energy contact form (3) taken with the state function (1) or with its Legendre transformation (8) generates the same Legendre manifold L U . However, we know that the entropy S can also play the role of a state function. The question arises whether it is possible to use S = S(U, V, N ) as the generating function. To do this we need to assign the (x, p) variables in a different way. Namely, we have (x 1 ,x 2 ,x 3 ) = (U, V, N ). Applying (4) in the same way as for (5), and comparing with the expression for dS,
we get a new identification:
One can easily find the transformation from (x, p) to (x,p). Thus we see that S generate the same Legendre manifold up to a coordinate transformation. This means that the Legendre manifold is an invariant of the system. Actually, the thermodynamic system (i.e. its equilibrium energy manifold E) can be identified with the particular Legendre manifold [Arnold, 1990] .
Hence, we conclude that U and S can be used interchangeably as generating functions. However, we will work with the energy-based representation since the (x, p) variables coincide with the standard set of thermodynamic variables.
Thermodynamically Consistent Vector Fields
We assume that the system evolves on the equilibrium manifold L U . Therefore, the vector field has to be confined to T L U ⊂ M. The equilibrium manifold L U can be represented as φ(x) = 0, where φ :
is a smooth vector-valued function with the following components (cf. (5)):
The manifold L U can be seen as an integral manifold of the exterior system {dφ 0 , . . . , dφ n }, which is completely integrable by construction [Edelen, 2005] . Therefore, the tangent vector space T x L U is defined as
where ∧ is the exterior or wedge product, and ı X is the interior product (contraction) of a k-differential form and a vector field X defined by the property that
).
In particular, if α is an exact 1-form, i.e., α = df , then the following holds: ı X α = X(f ).
Note that due to the definition of the wedge product the condition ı X n i=0 dφ i = 0 implies ı X dφ i = 0, ∀i = 0, . . . , n.
The tangent vector space T x L U can be represented as a span of n tangent vectors X i :
where
The generic smooth vector field X describing the evolution of the system on the equilibrium manifold L U is written as
where Λ [i] are smooth functions.
This representation can be derived in the following way. LetX
be an arbitrary vector field from T M. From the condition ıX dφ i = 0, ∀i, i = 0, . . . , n we get n + 1 equations for Λ [0] and Λ [j] :
Substituting (14) intoX we obtain X (13).
We note that this choice of the generic vector field is by no means unique. Let the generating function of the Legendre manifold L Φ be a thermodynamic potential Φ(x I , p J ), i.e, the Legendre transformation of U (x) w.r.t. x J : ζ = Φ(x I , p J ). For the sake of compactness, we will use the notation q = (x I , p J ). Using the same algorithm as the one described above, we can characterize T L Φ .
The tangent vector space T q L Φ is represented as:
where,
The generic smooth vector field is hence 
where Λ I and Λ J are arbitrary smooth functions.
Since the smooth functions Λ [i] in (13) as well as Λ I and Λ J in (15) can be chosen freely, we may consider them as thermodynamic controls. We want to stress that both (13) and (15) describe the system's evolution along the same Legendre manifold. The difference between these two representations can be seen more clearly if we write corresponding differential equations. For X (13), they have the following form:
For X Φ (15), in turn, they can be written as
One can see that the difference is in the set of variables which can be controlled directly. Hence, choosing the appropriate generating function, we may determine which variables has to be controlled directly. This is the idea which lies behind the Legendre transformation in thermodynamics.
INTERCONNECTED THERMODYNAMIC SYSTEMS
Interconnection Constraints
Let us consider a structure (a composite system) Σ consisting of k thermodynamic systems Σ i , i = 1, . . . , k. Each system is assumed to satisfy the assumptions P1.-P4. Furthermore, each subsystem is characterized by the state
The results described in Sec. 3.2 can be easily generalized to the case of a composite system Σ. Let (M, ω) be a 2n + 1-dimensional contact manifold, where n = k · n s , n s = 3 and ω be the thermodynamic contact 1-form (3). Choosing the total energy
as the generating function, we can describe the corresponding Legendre manifold
which we denote by L Σ . The generic dynamic along L Σ is defined in the same way as in Sec. 3.4.
The resulting composite system can be seen as a collection of isolated thermodynamic subsystems. However, this situation is not realistic. In a real system there are always heat, work, or matter flows between the subsystems. These flows, together with the constructive and geometrical restrictions form the interconnection structure of the composite system. This structure can be described by a set of constraints imposed on the system. Now we will state this formally. Definition 6. The m equations
such that rank ∂γ ∂(x,p) = m are called the interconnection constraints. The submanifold Γ = {q ∈ M|γ(q) = 0} is called the constraint manifold.
The dynamics of the constrained thermodynamic system has to be confined to the intersectionL Σ = L Σ Γ. We note that both L Σ and Γ can be seen as integral manifolds of corresponding exterior systems:
The following lemma characterizesL Σ . Lemma 7.L Σ has the codimension equal to the number of linearly independent 1-forms in I Σ I Γ .
The exterior system I ⊆ I Σ I Γ generating the submanifoldL Σ can be obtained in the following way. Let Ω n+1 := dφ 0 ∧ dφ 1 ∧ . . . ∧ dφ n be a n + 1-form. The exterior system I n+1 is defined as I n+1 := {dφ i } i=0,...,n .
Then we recursively check the condition of linear independence Ω i ∧ dγ j = 0 with initial values i = n + 1, j = 1. If this condition holds, we define Ω i+1 := Ω i ∧ dγ j , I i+1 := I i ∪ dγ j , i := i + 1, and j := j + 1.
Otherwise, we increase the index j by 1: j := j + 1 and proceed to the next 1-form dγ j .
Finally, the resulting exterior system I is set to I i : I := I i . The index i gives the number of linearly independent 1-forms and therefore, is equivalent to the codimension of the submanifoldL Σ .
The generic vector field onL Σ can be described by the following procedure. Let I = {ω i } i=1,...,r be an exterior system on M. Since the 1-forms ω i are linearly independent, we can complete this system to a basis
. . , r, j = r + 1, . . . , 2n + 1. The generic vector field onL Σ is hence XL Σ = span(W i ), i = r + 1, . . . , 2n + 1.
The procedures described above can be rather involved. However, in most physically relevant cases the interconnection constraints are described as linear functions of x or p variables:
Below, we describe the most common types of constraints and present a simple method to derive the evolutionary equations of a composite thermodynamic system.
Classification of Constraints
In this section we shall specifically use thermodynamic notation instead of differential geometric one.
• Global constraints. These are imposed on the whole composite system. In particular, one may require that the sum of respective extensive variables is constant, i.e.,
We note that the sum of individual entropies can be constant only if there is no heat transfer within the system. Furthermore, if the overall composite system is isolated from its environment, the total system energy remains constant: U Σ = const.
• Local constraints characterize a group of subsystems whereas the group may consist of 1 subsystem. Consider the following several examples.
(1) The i-th and the j-th subsystem are connected through a matter-conducting membrane and isolated from the remaining subsystems:
2) The i-th and the j-th subsystem are in the thermal equilibrium:
The i-th subsystem undergoes a reversible transformation: S i = const. One particular example of a reversible process is a slow compression of a gas in a cylinder. Note that any process accompanied by heat transfer is irreversible.
Evolutionary Equations of a Composite System
The evolutionary equations can be obtained using the method similar to that described in Sec. 3.4. Let the generic vector field governing the system's evolution on the composite Legendre equilibrium manifold L Σ be as in (13):
and the interconnection constraints be γ i (x, p) = 0, i = 1, . . . , l, l < n. Solving the set of l equations ı X dγ i = 0, we can express n − l variables Λ [i] , i = 1, . . . , n − l in terms of Λ [j] , j = n − l + 1, . . . , n.
Thus, imposing l interconnection constraints we restrict the degrees of freedom of the system by l.
EXAMPLE
Let us consider a structure shown in Fig. 1 . It consists of a closed cylinder containing two thermodynamic systems, Σ 1 and Σ 2 , separated by a piston. We assume that the cylinder walls and the piston are rigid and impermeable to matter. The piston is impermeable to heat but can Fig. 1 . A composite thermodynamic system. δW and δQ denote the power and the heat exchange.
move freely within the cylinder. The cylinder walls are thermally isolated except one which is in contact with the thermodynamic system Σ 3 . Therefore, there is a heat flow between the systems Σ 2 and Σ 3 . The system Σ 3 is otherwise isolated from its environment. Each system Σ i is characterized by the set of thermodynamic variables
Now we can formulate the interconnection constraints. Since all subsystems are closed (i.e., they exchange heat and work, but not matter), we write N i = const, i = 1, 3. The sum of volumes of the first and the second subsystems as well as the volume of the third subsystem remain constant and so V 1 +V 2 = const, V 3 = const. Furthermore, the first subsystem undergoes a reversible transformation. Therefore, its entropy remains constant: S 1 = const. Finally, since the composite system is isolated from its environment, the overall energy is constant:
Note that the sum of entropies of the second and the third systems does not decrease, i.e., d(S 2 + S 3 )/dt ≥ 0.
First, we rewrite (13) using thermodynamic notation. The indices will denote the number of the subsystem. Note that the position of indices agrees with that of (13): the extensive variables are indexed by a superscript, and the intensive variables by a subscript.
The 1-forms dγ i corresponding to the interconnection constraints described above are
Using the procedure described in Sec. 4.3, one obtains the set of 7 algebraic equations Λ Hence, we can express any 2 non-zero thermodynamic controls Λ in terms of remaining 7. After simple algebraic transformations we write down the system of differential equations governing the evolution of the composite system:
where c i AB = ∂ 2 UΣ ∂A i ∂B i , i = 1, k, A, B ∈ {S, V, N }. Note that we omitted the equations with zero right-hand sides and the equations for µ i .
Since the interconnected system is isolated from its environment, the thermodynamic controls Λ S can depend only on the internal thermodynamic variables. In particular, under the assumption that the differences in corresponding intensive variables are sufficiently small, we can define the thermodynamic controls as follows:
where Q 3→2 is the heat flow from the third subsystem to the second, k T is the thermal conductivity of the walls, and k V is a coefficient, corresponding to the inertia of the movable wall.
CONCLUSIONS
We have discussed the modelling of thermodynamic systems. Furthermore, a systematic approach to the description of interconnected thermodynamic systems has been proposed. This allows us to consider thermodynamic systems within the standard systems and control-theoretic framework. Our further plans include the investigation of the generic properties of thermodynamic controls. Another ongoing research is devoted to the application of the developed framework for the analysis of engineering systems such as, e.g., heat engines.
